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Table 1 Calibration coefficients and error measurements for the two PSP formulations

PSP-A PSP-B
1st 2nd 3rd DS* 1st 2nd 3rd DS*

Coefficient

A 0.21 0.15 0.13 0.13 0.73 0.67 0.62 0.42

B 1.04 1.66 1.93 0.16 0.35 0.79 1.38 0.16

C —_— -0.97 —2.01 1.13 —_— -0.59 -2.51 0.43

D —_— —_— 1.06 1.71 —_— —_— 1.73 24.2
rmse®

(inclusive) 0.0332 0.0058 0.0011 0.0004 0.0256 0.0131 0.0059 0.0002

(exclusive) 0.1038 0.0323 0.0110 0.0010 0.0447 0.0754 0.1225 0.0013

b

4DS =dual sorption. °rmse =root mean square error.

the initial seed values led to differences in the resulting calibration
coefficients. To ensure a well-balanced calibrationover a large pres-
sure range (>1 atm), an equal number of measurementsin the linear
and nonlinearregions of the curve is suggested. The pressure value
separating these two regions can be determined using Eq. (11):

1 DPraiu2
st DPuo)®

CD (D

where P, = P/ P, Using the calibration coefficients listed in Ta-
ble 1, pressureratios of 1.45 and 0.29 are calculated for PSP-A and
PSP-B, respectively. Thus, additional measurements at higher pres-
sure ratios for PSP-A and lower pressure ratios for PSP-B would
further decrease the uncertainty in the corresponding calibration
coefficients of those regions.

Conclusions

The application of dual sorption theory to the calibration of PSPs
is presented. The nonlinear model better represents the steady-state
sorptionand quenchingprocesseswithin the PSP coatingsand yields
a superior intensity—pressure calibration when applied over broad
pressureranges, in extrapolatedregions, or to coatings with high lu-
minophorloading. The tradeoffis the model’s inherentnonlinearity,
which requires an iterating technique for determining the calibra-
tion coefficients and leads to complications when decoupling the
temperature sensitivity? For high pressures and limited ranges, a
second-order polynomial or linear model will suffice.
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I. Introduction

HE electroelastic coupling in piezoelectric materials is used

for active control of smart structures. Two-dimensional solu-
tions have been presented for the thermoelectroelastic response of
hybrid plates and shells, using classical and first-order shear defor-
mation theories.' > Few three-dimensional piezothermoelastic so-
lutions are available for hybrid finite plates and shells.*® These are
needed to assess two-dimensional theories. Xu and Noor® presented
three-dimensionalsolution for a simply supported finite cylindrical
hybrid shell but did not include the case of potential difference ap-
plied across a piezoelectric layer. We present a three-dimensional
solution for such a case. The governing differential equations with
variable coefficients are solved by the modified Frobenius method.
The constantsin the general solution and the extraneouscharge den-
sities at the interfaces where potential or potential difference is pre-
scribed are determined from the boundary and interface conditions.
Results are presentedto illustrate the effect of the length parameter.

II. General Solution of Governing Equations

Consider a finite circular cylindrical hybrid shell of mean radius
R, thickness &, and length a, having L orthotropiclayers with their
principaldirectionsalongtheradial, circumferential ,and axial direc-
tion. The innerand outerradiiare R;, R, = R F h /2. The innermost
layer is named as the first layer. The interface between the kth and
the (k4 1)th layeris named as the kth interface. Let the thickness of
the kthlayerbe t® andits innerradius be Rik). The layer superscript
is omitted unless needed for clarity. The ends of the shell are elec-
trically grounded, maintained at stress-free temperature, and simply
supported to allow only the displacement normal to the boundary.
Letu, v, w be the displacements;o,, 0y, 0, Ty, T, Ty the stresses;
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D,, Dy, D, the electric displacements; ¢ the potential; and 7 the
temperaturerise from the stress-free reference temperature. We use
dimensionless coordinates &, &,, and ¢® for the kth layer:

(k)

z B r—R;

§=—, & =-, f()z—k
T a t®

h k—1
R =R=2+) 10

i=1

o))

Let the prescribed pressure, temperature, and ¢ or D, at the inner
(j=1) and outer (j =2) surfaces be P;, T;, and ¢; or D;. Let
the number of applied potential differences be L, with the ith one
being V; applied between the interfaces /; and m; with [; <m;. Let
the number of interfaces with prescribed potentials be L, with the
qth one being &, for the interface n,,. Thus denoting differentiation
by a subscriptcomma, at & =0, 1,

o, =0, ¢ =0, T=0 (2)

u=v=0,

atr =R; (j=1),r =R, (j =2),

o, = _Pj(gla %‘2)7 T = Oa Tro = 0
(3a)
¢ = ¢j(§1, &) or D, = Dj(fl, &)
atr = R;,
T=T 1, 8)
andatr = R,, G
T =Ty &)
[ple =11 — [Bl; o] TV = Vi(&1, &), i=1,...,L,
(5)

[l =11 = D, (&, &),

The equilibrium and compatibility conditions at the interface be-
tween adjacent layers are

qgq=1,...,L,

[T]=]% =[T|; o]V

kTele =1 /11 = [k, Tl —o/11* D, k=1,...
[(M, v, W, Oy, Trg, Tzra ¢a Dr)'{:l](k)

k+1
= [(M, V, W, O, Trg, Ty, ¢a Dr)l{:O]( +h

k=1,...,L—-1 (7a)

where the various k; are the coefficients of thermal conductivity.
The applied potential difference V; induces an extraneous surface
chargedensity,e.g., 0;, at the interface m; and —o; at the interface/;.
The potential ®, applied to the interface n, induces an extraneous
surface charge density, e.g., 7,, at this interface. The conditions
(7a) for continuity of D, need to be modified as follows. For i =
1,..., L, if m; # L, then

mi)
DV

o =D e ) (7b)
if I; # 0, then

DI _ = D] o6 8 (70)
if m; = L and D, is prescribed, then Eq. (3a) for D, is modified as
D, = D, +o; (3b)

if ; = 0 and D is prescribed, then Eq. (3a) for D, is modified as

D, = Dl — O; (36)
[Dylc =117 = [Dy]c 0] * Y — 7, (51, &), g=1,...,L,
(7d)

For the kth layer, the solution for load skew symmetric about
0 = 0, satisfying Eqs. (2), is taken as

(M, Ura Uﬁa Uza ¢a Dra T)

00 00
= § § (M,O',,O'g,Uz,(ﬁ,D,,T),,m sinmn§1 sinnn$2

m=1n=1

[o¢] [o¢]
(vsfrﬁaDﬁ):E E (v, 79, Dg)mn cosmm &, sinnmé,

m=1n=1

00 00
Tg, = E E Tozpn COSMITE| COSNTTEy (8)

m=1n=1

00 o0
(wa Tars Dz) = § § (wa Tars Dz)mn sinmn§1 COS"”%‘Z

m=1n=1

(P, ¢i, D;, T;, V;, ®;,0, 77)

[o¢] [o¢]
= ZZ(Pi,@, D;, T;, Vi, ®;, 0;, 7)) un Sinmm&, sinnmé,

m=1n=1

Let S;;,d;, €;, a;, and g, be the elastic compliances, piezoelectric
strain constants, dielectric constants, coefficients of thermal expan-
sion, and pyroelectricconstant. The nine constitutiveequations® for
orthorhombic material of class mm2, with poling in the radial direc-
tion, and four equilibrium equations of force and charge are trans-
formed into five algebraic equations for oy, 0;, Ts;, Dy, and D, and
the following eight differentialequations for u, v, w, o, T4, 7;/, @,
and D,. With X, = [u v w 0, T T., ¢ D,I7,,

an.r = (AO + Al/r + AZ/rZ)an + (QO + Ql/r)’I;nn (9)

The expressionsof Ay, Ay, Ay, Qp, and Q; are notlisted for brevity.
Using the expansion (8) for 7', the heat conduction equation re-
duces to

’I;nn.rr + Tmn.r/r - /’L,zn’I;nn/rz - /’LiTmn/R% =0
(10)

Mm = m(kg/k,)%, Mn = nﬂRl (kz/kr)%/a

The modified Frobenius method is used to solve Egs. (10) and (9).
The general solution of Eq. (10) is

T (@) = iem (i T:zfn,-f")A'}’” (1n

j=1 i=0

where A" are arbitrary constants and

1y o2 = {—1 £ [1+4(u2 +Mﬁ)]%}/2s
J

s :Rl/t’ Tn{no = 1’ ’I;i{nl :Tmnz =0
The term T,,{,,,. (i > 2) is obtained recursively by equating the coeffi-
cient of ¢ =% in Eq. (10) to zero.
The complementary solution X¢ (¢) of Eq. (9) is taken as

mn

0
Xl‘l‘m(;) :ex{ ZYi{i
i=0
where (12)
YIZO, AY():)\,Y(), and A:[A0R1+A1+A2/R1]/S

The terms A and ¥, form an eigenpair of matrix A, and Y}’ for each
eigenpair (A, Y;) is recursively obtained as before. The comple-
mentary solution for eigenvalues A, A, = o £ i with eigenvector
Y, for A, is expressed in terms of two real constants C;"* and C}"
as

X’t]‘m (é—) — Flmn (;)Cllnn + Fzmn(;)clznn (13)
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with

F'" = e cosﬂ{Z‘h { —smﬂ{Z\s

i=0 i=0

anm = %t Sinﬂ{ Zm(yl){[ +COS/§{ Z;\S(YII

i=0 i=0

The terms ) and S indicate the real and imaginary parts of a complex
number. Thus the complete solution X ,,, is

8 2
X0 = Y e + Yo

j=1 j=1

(14)

[o¢]
with Gm(¢) =t D z/¢i

i=0

where F""(¢) is given by Eq. (13) and C7" are real constants. The
various Z’ are obtained by a recursive relatlon which is omitted
here for breVlty The infinite power series in F mr(g) and G’”” ({)
are truncated such that the contributionof the first neglected term is
less than 10710,

The 2L constants (A"")® for L layers are determined from the
2L thermal conditions (4) and (6). The 8L constants (C’””)(k) for L
layers and L, + L, unknown extraneous surface charge densities
iy, and 7, are obtained from 8L + L, + L, conditions (3), (5),
and (7).

III. Numerical Results and Conclusions

Consider a shell made of cross-ply graphite-epoxy laminate
[0/90/0], and a layer of lead zirconate titanate (PZT)-5A of thick-
ness /10, bonded to its outer surface. The orientation of the fibers
is given relative to the 6 direction. All plies of the substrate have
equal thickness. The material properties are selected as in Ref.
6. The interface of the piezoelectric layer with the substrate is
grounded. Loads with the following nonzero P;, T;, or ¢; are con-
sidered: 1) P, = pg cos4n§1 sinméy, 2) T, = Tg cos4r&; sinwé,,
and 3) ¢, = ¢y cos4dmé; sin&,. The results for the three cases are
nondimensionalizedas followswitha =a /R, S= R/ h,dr =374 %
1072CN™', a7y =22.5 x 10K~ !, E; = 10.3 GPa:

1) (@, w) = 10(u,aw)Er /hS’ po, (54.6.) = (99, 02) /S po
2) &= 100u/ha; S°T,, &5 = 0y Jar Ex Ty
3) u IOM/SZdT¢0, 6’9 Ugh/ETdT¢0

The effect of the length parameter a is studied for thick (S = 4) and
thin (S = 40) shells.

The through-the-thickress distributions of some entities for the
pressure load case 1 are shown in Figs. 1 and 2. It is observed
from Fig. 1 that the deflection # is almost uniform for thin shells
with § = 40. The variation of the axial displacement w across the
thickness is linear for the thin shells and is piecewise linear for
thick shells. The distributions of the predominant stresses o, and
o, shown in Fig. 2, reveal that the relative increase of oy with a is
less for the thick shell compared with the thin shell.

The results for thermal load case 2 are given in Fig. 3. The dis-
tribution of & across the whole thickness is almost uniform for thin
shells with S = 40. For thick shells, the distribution of # and &,
across the elastic substrate is nonlinear. The distributions of i and
0y are presentedin Fig. 4 for the potentialload case 3. The variation
of & in the piezoelectriclayer is linear. The variation of 6, for thick
shellsis relativelyless nonlinearcompared with thermal load case 2.

It is inferred from the results that the displacements and the pre-
dominant normal stresses in the substrate are significantly affected
by the radius to thickness ratio but the nature of their through-the-
thickness distributionsis not affected much by the length-to-radius
ratio for both thick and thin shells.
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Introduction

HE effective modal mass, commonly referred to as eftective

mass, is quite important in characterizing the dynamical be-
havior of a base driven structure because it allows the reduction
of complex structures to equivalent spring-mass systems'? and the
identification of the modes that can be significantly excited through
the interface by the base motion. These modes are called target
modes, and they have to be well correlated to the experimental ones
to obtain a test verified finite element (FE) model.® The effective
mass sensitivities, on the other hand, can be used in optimization
problems such as that of finding the optimal position of an extra
payload to be added*> or that of the minimization of errors between
experimental and numerical effective masses. In this work the cal-
culation of effective mass sensitivities has been generalized to the
case of repeated eigenvalues.

Theory
The definition of effective mass matrix is>°
Mg < r) = (XEMx; ) (xT MX ) (1)

where r is the number of rigid body modes of the structure, X is the
rigid body mode matrix, x; is the ith eigenvector of the eigenvalue
problem

K —2:M)x; =0 2

M and K are the mass and stiffness matrices of the FE model of
the structure, and A; is the ith eigenvalue. By differentiating Eq. (1)
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