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Table 1 Calibration coef� cients and error measurements for the two PSP formulations

PSP-A PSP-B
1st 2nd 3rd DSa 1st 2nd 3rd DSa

Coef� cient
A 0.21 0.15 0.13 0.13 0.73 0.67 0.62 0.42
B 1.04 1.66 1.93 0.16 0.35 0.79 1.38 0.16
C —— ¡0:97 ¡2:01 1.13 —— ¡0:59 ¡2:51 0.43
D —— —— 1.06 1.71 —— —— 1.73 24.2

rmseb

(inclusive) 0.0332 0.0058 0.0011 0.0004 0.0256 0.0131 0.0059 0.0002
(exclusive) 0.1038 0.0323 0.0110 0.0010 0.0447 0.0754 0.1225 0.0013

aDS D dual sorption. b rmse D root mean square error.

the initial seed values led to differences in the resulting calibration
coef� cients.To ensure a well-balancedcalibrationover a large pres-
sure range (>1 atm), an equal number of measurements in the linear
and nonlinear regions of the curve is suggested.The pressure value
separating these two regions can be determined using Eq. (11):

B
.1 C DPratio/2

C D
D 1 (11)

where Pratio D P=Pref. Using the calibrationcoef� cients listed in Ta-
ble 1, pressure ratios of 1.45 and 0.29 are calculated for PSP-A and
PSP-B, respectively.Thus, additionalmeasurements at higher pres-
sure ratios for PSP-A and lower pressure ratios for PSP-B would
further decrease the uncertainty in the corresponding calibration
coef� cients of those regions.

Conclusions
The applicationof dual sorption theory to the calibrationof PSPs

is presented.The nonlinear model better represents the steady-state
sorptionandquenchingprocesseswithin thePSP coatingsandyields
a superior intensity–pressure calibration when applied over broad
pressure ranges, in extrapolatedregions, or to coatingswith high lu-
minophor loading.The tradeoff is the model’s inherentnonlinearity,
which requires an iterating technique for determining the calibra-
tion coef� cients and leads to complications when decoupling the
temperature sensitivity.9 For high pressures and limited ranges, a
second-orderpolynomial or linear model will suf� ce.
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I. Introduction

T HE electroelastic coupling in piezoelectric materials is used
for active control of smart structures. Two-dimensional solu-

tions have been presented for the thermoelectroelastic response of
hybrid plates and shells, using classical and � rst-order shear defor-
mation theories.1¡3 Few three-dimensional piezothermoelastic so-
lutions are available for hybrid � nite plates and shells.4¡6 These are
needed to assess two-dimensionaltheories.Xu and Noor6 presented
three-dimensionalsolution for a simply supported � nite cylindrical
hybrid shell but did not include the case of potential difference ap-
plied across a piezoelectric layer. We present a three-dimensional
solution for such a case. The governing differential equations with
variable coef� cients are solved by the modi� ed Frobenius method.
The constantsin the general solutionand the extraneouschargeden-
sities at the interfaceswhere potential or potentialdifference is pre-
scribed are determined from the boundary and interfaceconditions.
Results are presented to illustrate the effect of the length parameter.

II. General Solution of Governing Equations
Consider a � nite circular cylindrical hybrid shell of mean radius

R, thickness h, and length a, having L orthotropic layers with their
principaldirectionsalongthe radial,circumferential,andaxialdirec-
tion.The inner and outer radiiare Ri ; Ro D R ¨ h=2. The innermost
layer is named as the � rst layer. The interface between the kth and
the .k C1/th layer is named as the kth interface.Let the thicknessof
the kth layer be t .k/ and its inner radiusbe R.k/

1 . The layer superscript
is omitted unless needed for clarity. The ends of the shell are elec-
trically grounded,maintainedat stress-free temperature,and simply
supported to allow only the displacement normal to the boundary.
Let u; v; w be the displacements;¾r ; ¾µ ; ¾z; ¿µ z; ¿zr ; ¿rµ the stresses;
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Dr ; Dµ ; Dz the electric displacements; Á the potential; and T the
temperature rise from the stress-free reference temperature.We use
dimensionless coordinates »1; »2, and ³ .k/ for the kth layer:

»1 D µ

¼
; »2 D

z

a
; ³ .k/ D

r ¡ R.k/

1

t .k/

(1)

R.k/

1 D R ¡
h

2
C

k ¡ 1X

i D 1

t .i /

Let the prescribed pressure, temperature, and Á or Dr at the inner
. j D 1/ and outer . j D 2/ surfaces be Pj ; T j , and Á j or D j . Let
the number of applied potential differences be L p with the i th one
being Vi applied between the interfaces li and m i with li < m i . Let
the number of interfaces with prescribed potentials be La with the
q th one being 8q for the interface nq . Thus denoting differentiation
by a subscript comma, at »2 D 0; 1,

u D v D 0; ¾z D 0; Á D 0; T D 0 (2)

at r D Ri . j D 1/, r D Ro . j D 2/,

¾r D ¡Pj .»1; »2/; ¿zr D 0; ¿rµ D 0

Á D Á j .»1; »2/ or Dr D D j .»1; »2/
(3a)

at r D Ri ,

T D T1.»1; »2/

and at r D Ro , (4)

T D T2.»1; »2/

[Áj³ D 1].m i / ¡ [Áj³ D 0].li C 1/ D Vi .»1; »2/; i D 1; : : : ; L p

[8j³ D 1].nq / D 8q.»1; »2/; q D 1; : : : ; La

(5)

The equilibrium and compatibility conditions at the interface be-
tween adjacent layers are

[T j³ D 1].k/ D [T j³ D 0].k C 1/

(6)
[kr T;³ j³ D 1=t ].k/ D [kr T;³ j³ D 0=t ].k C 1/; k D 1; : : : ; L ¡ 1

[.u; v; w; ¾r ; ¿rµ ; ¿zr ; Á; Dr /j³ D 1]
.k/

D [.u; v; w; ¾r ; ¿rµ ; ¿zr ; Á; Dr /j³ D 0]
.k C 1/

k D 1; : : : ; L ¡ 1 (7a)

where the various ki are the coef� cients of thermal conductivity.
The applied potential difference Vi induces an extraneous surface
chargedensity,e.g., ¾i , at the interfacem i and ¡¾i at the interface li .
The potential 8q applied to the interface nq induces an extraneous
surface charge density, e.g., ¿q , at this interface. The conditions
(7a) for continuity of Dr need to be modi� ed as follows. For i D
1; : : : ; L p : if m i 6D L , then

D.m i /
r

­­
³ D 1

D D.m i C 1/
r

­­
³ D 0

¡ ¾i .»1; »2/ (7b)

if li 6D 0, then

D.li /
r

­­
³ D 1

D D.li C 1/
r

­­
³ D 0

C ¾i .»1; »2/ (7c)

if m i D L and D2 is prescribed, then Eq. (3a) for Dr is modi� ed as

Dr D D2 C ¾i (3b)

if li D 0 and D1 is prescribed, then Eq. (3a) for Dr is modi� ed as

Dr D D1 ¡ ¾i (3c)

[Dr j³ D 1].nq / D [Dr j³ D 0].nq C 1/ ¡ ¿q .»1; »2/; q D 1; : : : ; La

(7d)

For the kth layer, the solution for load skew symmetric about
µ D 0, satisfying Eqs. (2), is taken as

.u; ¾r ; ¾µ ; ¾z; Á; Dr ; T /

D
1X

m D 1

1X

n D 1

.u; ¾r ; ¾µ ; ¾z; Á; Dr ; T /mn sin m¼»1 sin n¼»2

.v; ¿r µ ; Dµ / D
1X

m D 1

1X

n D 1

.v; ¿r µ ; Dµ /mn cosm¼»1 sin n¼»2

¿µ z D
1X

m D 1

1X

n D 1

¿µzmn cos m¼»1 cos n¼»2 (8)

.w; ¿zr ; Dz/ D
1X

m D 1

1X

n D 1

.w; ¿zr ; Dz/mn sin m¼»1 cos n¼»2

.Pi ; Ái ; Di ; Ti ; Vi ; 8i ; ¾i ; ¿i /

D
1X

m D 1

1X

n D 1

.Pi ; Ái ; Di ; Ti ; Vi ; 8i ; ¾i ; ¿i /mn sin m¼»1 sin n¼»2

Let Si j ; di ; ²i ; ®i , and q1 be the elastic compliances, piezoelectric
strain constants, dielectric constants, coef� cients of thermal expan-
sion, and pyroelectricconstant.The nine constitutiveequations2 for
orthorhombicmaterial of classmm2, with poling in the radial direc-
tion, and four equilibrium equations of force and charge are trans-
formed into � ve algebraic equations for ¾µ ; ¾z; ¿µ z; Dµ , and Dz and
the followingeight differentialequationsfor u; v; w; ¾r ; ¿r µ ; ¿zr ; Á,
and Dr . With Xmn D [u v w ¾r ¿rµ ¿zr Á Dr ]T

mn ,

Xmn;r D
¡
A0 C A1=r C A2=r 2

¢
Xmn C .Q0 C Q1=r/Tmn (9)

The expressionsof A0; A1; A2; Q0 , and Q1 are not listed for brevity.
Using the expansion (8) for T , the heat conduction equation re-

duces to

Tmn;rr C Tmn;r

¯
r ¡ ¹2

m Tmn

¯
r 2 ¡ ¹2

nTmn

¯
R2

1 D 0

¹m D m.kµ =kr /
1
2 ; ¹n D n¼ R1.kz=kr /

1
2

¯
a

(10)

The modi� ed Frobenius method is used to solve Eqs. (10) and (9).
The general solution of Eq. (10) is

Tmn.³ / D
2X

j D 1

e½ j ³

³
1X

i D 0

T j
mn i

³ i

´
Amn

j (11)

where Amn
j are arbitrary constants and

½1; ½2 D
n

¡1 §
£
1 C 4

¡
¹2

m C ¹2
n

¢¤ 1
2

o.
2s

s D R1=t; T j
mn0

D 1; T j
mn1

D T j
mn2

D 0

The term T j
mn i .i > 2/ is obtained recursively by equating the coef� -

cient of ³ i ¡ 2 in Eq. (10) to zero.
The complementary solution X c

mn.³ / of Eq. (9) is taken as

X c
mn.³ / D e¸³

1X

i D 0

Yi ³
i

where (12)

Y1 D 0; AY0 D ¸Y0; and A D [A0 R1 C A1 C A2=R1]=s

The terms ¸ and Y0 form an eigenpair of matrix A, and Y j
i for each

eigenpair .¸ j ; Y j
0 / is recursively obtained as before. The comple-

mentary solution for eigenvalues ¸1; ¸2 D ® § i¯ with eigenvector
Y 1

0 for ¸1 is expressed in terms of two real constants Cmn
1 and Cmn

2
as

X c
mn.³ / D F mn

1 .³/Cmn
1 C Fmn

2 .³ /Cmn
2 (13)
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Fig. 1 Distributions of Åu and Åw for load case 1.

Fig. 2 Distributions of Å¾µ and Å¾z for load case 1.

Fig. 3 Distributions of Ãu and Ã¾µ in the substrate for load case 2.

Fig. 4 Distributions of Äu and Ä¾µ in the substrate for load case 3.
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with

Fmn
1 D e®³

"

cos¯³

1X

i D 0

<
¡
Y 1

i

¢
³ i ¡ sin ¯³

1X

i D 0

=
¡
Y 1

i

¢
³ i

#

Fmn
2 D e®³

"
sin ¯³

1X

i D 0

<
¡
Y 1

i

¢
³ i C cos¯³

1X

i D 0

=
¡
Y 1

i

¢
³ i

#

The terms< and= indicate the real and imaginarypartsof a complex
number. Thus the complete solution Xmn is

Xmn.³ / D
8X

j D 1

Fmn
j .³ /Cmn

j C
2X

j D 1

Gmn
j .³ /Amn

j

(14)

with Gmn
j .³ / D e½ j ³

³
1X

i D 0

Z j
i ³ j

´

where F mn
j .³ / is given by Eq. (13) and C mn

j are real constants.The
various Z j

i are obtained by a recursive relation, which is omitted
here for brevity. The in� nite power series in F mn

j .³ / and Gmn
p .³ /

are truncated such that the contributionof the � rst neglected term is
less than 10¡10.

The 2L constants .Amn
j /.k/ for L layers are determined from the

2L thermal conditions (4) and (6). The 8L constants .Cmn
j /.k/ for L

layers and L p C La unknown extraneous surface charge densities
¾imn and ¿qmn are obtained from 8L C L p C La conditions (3), (5),
and (7).

III. Numerical Results and Conclusions
Consider a shell made of cross-ply graphite-epoxy laminate

[0/90/0]s and a layer of lead zirconate titanate (PZT)-5A of thick-
ness h=10, bonded to its outer surface. The orientation of the � bers
is given relative to the µ direction. All plies of the substrate have
equal thickness. The material properties are selected as in Ref.
6. The interface of the piezoelectric layer with the substrate is
grounded. Loads with the following nonzero Pi ; Ti , or Ái are con-
sidered: 1) P2 D p0 cos4¼»1 sin ¼»2, 2) T2 D T0 cos4¼»1 sin ¼»2,
and 3) Á2 D Á0 cos 4¼»1 sin ¼»2. The results for the three cases are
nondimensionalizedas followswith Na D a=R, S D R=h, dT D 374£
10¡12 CN¡1, ®T D 22:5 £ 10¡6 K¡1 , ET D 10:3 GPa:

1/ . Nu; Nw/ D 10.u; Naw/ET =hS3 p0; . N¾µ ; N¾z/ D .¾µ ; ¾z/=S2 p0

2/ Ou D 100u=h®T S2T0; O¾µ D ¾µ =®T ET T0

3/ Qu D 10u=S2dT Á0; Q¾µ D ¾µ h=ET dT Á0

The effect of the length parameter Na is studied for thick .S D 4/ and
thin .S D 40/ shells.

The through-the-thickness distributions of some entities for the
pressure load case 1 are shown in Figs. 1 and 2. It is observed
from Fig. 1 that the de� ection Nu is almost uniform for thin shells
with S D 40. The variation of the axial displacement Nw across the
thickness is linear for the thin shells and is piecewise linear for
thick shells. The distributions of the predominant stresses N¾µ and
N¾z , shown in Fig. 2, reveal that the relative increase of N¾µ with Na is
less for the thick shell compared with the thin shell.

The results for thermal load case 2 are given in Fig. 3. The dis-
tribution of Ou across the whole thickness is almost uniform for thin
shells with S D 40. For thick shells, the distribution of Ou and O¾µ

across the elastic substrate is nonlinear. The distributions of Qu and
Q¾µ are presented in Fig. 4 for the potential load case 3. The variation
of Qu in the piezoelectric layer is linear. The variation of Q¾µ for thick
shells is relativelyless nonlinearcomparedwith thermal load case 2.

It is inferred from the results that the displacements and the pre-
dominant normal stresses in the substrate are signi� cantly affected
by the radius to thickness ratio but the nature of their through-the-
thickness distributions is not affected much by the length-to-radius
ratio for both thick and thin shells.
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Introduction

T HE effective modal mass, commonly referred to as effective
mass, is quite important in characterizing the dynamical be-

havior of a base driven structure because it allows the reduction
of complex structures to equivalent spring-mass systems1;2 and the
identi� cation of the modes that can be signi� cantly excited through
the interface by the base motion. These modes are called target
modes, and they have to be well correlated to the experimentalones
to obtain a test veri� ed � nite element (FE) model.3 The effective
mass sensitivities, on the other hand, can be used in optimization
problems such as that of � nding the optimal position of an extra
payload to be added4;5 or that of the minimization of errors between
experimental and numerical effective masses. In this work the cal-
culation of effective mass sensitivities has been generalized to the
case of repeated eigenvalues.

Theory
The de� nition of effective mass matrix is2;6

Meffi .r £ r/ D
¡
XT

R Mxi

¢¡
xT

i MXR

¢
(1)

where r is the numberof rigidbody modes of the structure,XR is the
rigid body mode matrix, xi is the i th eigenvector of the eigenvalue
problem

.K ¡ ¸i M/xi D 0 (2)

M and K are the mass and stiffness matrices of the FE model of
the structure, and ¸i is the i th eigenvalue.By differentiatingEq. (1)
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